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QUOTIENTS BY C* x C* ACTIONS
BY
ANDRZEJ BIALYNICKI - BIRULA AND ANDREW JOHN SOMMESE

ABSTRACT. Let T = C* X C* act meromorphically on a compact Kahler manifold
X, e.g. algebraically on a projective manifold. The following is a basic question from
geometric invariant theory whose answer is unknown even if X is projective.
PROBLEM. Classify all T-invariant open subsets U of X such that the geometric
quotient U = U/T exists with U/T a compact complex space (necessarily algebraic if
X is). .
In this paper a simple to state and use solution to this problem is given. The
classification of U is reduced to finite combinatorics. Associated to the T action on
X is a certain finite 2-complex € ( X). Certain {0, 1} valued functions, called moment
measures, are defined in the set of 2-cells of €(X). There is a natural one-to-one
correspondence between the U with compact quotients, U/T, and the moment
measures.

Let X be a connected compact Kahler manifold with a meromorphic action of
T = (C*)k

TXX- X.

The following is a basic question from geometric invariant theory whose answer is
unknown for general k even if X is projective.

PROBLEM. Classify all T-invariant open subsets U of X such that the geometric
quotient (cf. §0 for definitions) U — U/T exists with U/T a compact complex space.

In this paper we give a simple to state and use solution to this problem when
k=2 ‘

The previous work on this problem consists of two parts:

(a) as a special case of his geometric invariant theory, D. Mumford [15] gave a
prescription for construction of some of those geometric quotients with U/T
projective,

(b) for k = 1 a complete and simple answer was given in [2] for very general X by
the authors of this paper [2]. This answer was in terms of a certain graph with a
finite set of vertices (see also [3] for the algebraic case).

It is notable that even for simple manifolds such as Grassmannians there exist
geometric quotients U — U/T of Zariski open U with complete nonprojective
schemes as quotients. Moreover Mumford’s description of U with projective quo-
tients using stability is redundant; more than one ample line bundle and more than
one T linearization of the same line bundle can give the same open set U. For the
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above reasons it is not at all clear from Mumford’s theory whether the set of all U
with a compact (or even projective) geometric quotient has a simple description.

The geometric idea underlying our work is simple. It rests on three principles.

The first is that for a T-invariant open subset U C X to have a compact quotient it
is necessary and sufficient that given any “limit”, W, of a sequence of closures of
“generic” orbits of T, W N U = Tx for some x with dim Tx = k. This is made
precise by using the work of Fujiki and Lieberman on Douady spaces of closures of
orbits (see §0).

The second principle is that the existence of U/T as a compact analytic space
should have a cohomological interpretation, i.e there should exist an analogue of the
Thom class of a vector bundle. This is carried out in §1.

The third principle is that the essential geometry of the Douady space of closures
of orbits of T should have a finite combinatorial description as a k-dimensional cell
complex where dim 7" = k. Here the work of Atiyah (see §0) makes this relatively
straightforward for X smooth and Kahler.

This combinatorial object €( X') which is related to torus embeddings is described
in §2 for dim 7" = 2. The “Thom class” mentioned in the last paragraph survives as
a {0, 1} valued function p on the cells of €(.X), and is called a “moment measure”.

Our main theorem says that there is a one-to-one correspondence between the
T-invariant open U with compact quotients and the moment measures.

For dim T > 3 it is much more difficult to define and very messy to manipulate
the combinatorial polyhedron % ( X). Nonetheless we would do so if we could prove
our main result in that generality. The easier half of the proof of our main result,
which says that moment measures give rise to T-invariant open U with compact
geometric quotients U/T, does generalize. Unfortunately, when dimT > 3, we
cannot prove the more important converse. The difficulties come in §3 where we
construct certain homology classes by transcendental methods. To prove the general
converse we need to know about the Hodge types of the analogues of these classes.
This seems to require new ideas.

Let us describe the contents of our paper in detail.

Let X be a compact Kahler manifold with a meromorphic action of an analytic
torus T = (C*)*. Let U be an open T-invariant subset of X. By the quotient U/T we
mean the geometric quotient (orbit space) of U; if U/T exists it is an analytic set
(and hence the underlying topological space is Hausdorff).

In §0 we gather analytic results in a suitable form basic for our study. Most
important are the theorems of Fujiki and Lieberman on Douady families of orbits
(0.2.2) and the results of Atiyah on moment functions ((0.5.1); (0.5.2)).

§1 contains some topological results concerning group actions and orbit spaces.
Fundamental for further applications in the paper are: Theorem (1.3) which gives a
necessary and sufficient condition for compactness of the orbit space U/T in terms
of cohomological properties of the space U, Theorem (1.5) and Corollary (1.7.1)
which relate the rational cohomology of those U for which U/T is compact and of
X, and Theorem (1.8) which shows that the first rational homology group of a
compact Kiahler manifold X is isomorphic to the first rational homology group of
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the source of X for any action of C* on X. All these results except Corollary (1.7.1)
and Theorem (1.8) are proved for a k-dimensional torus T, where k > 1.

The main aim of §2 is to describe for a given action of a two-dimensional torus T
on X, the two-dimensional oriented cell complex €(X) that we use to classify
quotients by 7. This finite combinatorial object is defined in (2.1) and (2.8). The
vertices of the complex are represented by connected components of the fixed point
set X7. One- and two-dimensional cells are some ordered subset of the set of vertices
corresponding to different types of one- and two-dimensional orbits. The properties
of the complex that are basic for our work are derived by using moment functions
defined on X. The combinatorial structure of the complex allows us to define a
notion of a subdivision of a two-dimensinal cell (2.6) which should be considered as
a combinatorial counterpart of a geometric notion of degeneration of a type of orbits
when passing to the limit in the Douady space (see (0.5.1)(b)). Finally the notion of a
subdivision allows us to introduce the notion of a moment measure (2.13). A
moment measure is a {0,1} valued function defined on the set of 2-cells of €(X)
which is additive with respect to subdivisions. Points whose orbits determine cells of
p-measure 1 are called p-stable.

Theorem (3.1), the main result of §3 (and of the paper), says that open T-invariant
subsets U of X such that U/T exists and is compact are exactly the sets of p-stable
points for moment measures p. The main obstruction to generalizing the theorem to
the case where dim 7' = k > 2 is the lack of proper generalizations of some of the
above results concerning topological properties of actions of many-dimensional tori.
We end §3 with some simple examples that we hope will help with understanding the
main result.

We would like the thank the University of Notre Dame and the National Science
Foundation [MCS 8200 629] for making this collaboration possible. We would also
like to thank S. Dawn Reader for her beautiful typing job.

0. Notation and background material. In this section we set up the notation that we
will use and collect some results that we will need.

(0.1) T will always denote the k-dimensional torus (C*)*. T has an Iwasawa
decomposition T = K X A, where K = (S')¥ is the maximal compact subgroup of T
and where 4 = (27)*. The character group of T is denoted by x(7') and the group
of one-parameter subgroups of 7 is denoted by x*(T'). The map

xX(T) X x*(T) > 2,

defined by I'(x, a) = x e @ € x(C*) = 2, is a perfect pairing. Since 7 = (C*)* we
have x(T)=2* and x*(T)=2* Then x4(T)=x(T)®, R and x%(T)=
X*(T) ® % are dual k-dimensional vector spaces. Using the fixed isomorphism
T = (C*)* we have a canonical basis {e,...,e,} C x(T) with e, =
1,0,...,0),...,e, = (0,...,0,1).

Using this choice of basis we get orientations on x 5(7') and x %(7).

(0.2) X will always denote a compact connected Kihler manifold with a holomor-
phic action of 7. It is further assumed that the action is meromorphic, i.e. that
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T X X — X extends to a meromorphic map (£L)* X X - X. It is a result of
Sommese [16] that this is equivalent to X7 # &, where X7 denotes the fixed point
set of the action. Let X" = F, U --- U F, be the decomposition of X7 into con-
nected components. Given any one-parameter subgroup a: C* — T, X denotes the
fixed point set of the induced action of C* on X.

We need a few results on orbit structure.

(0.2.1) LEMMA. Let X and T be as above. Then { x|dim Tx < k} is a closed analytic
subset of X.

Proor. Consider m: T X X — X X X given by (¢, x) = (tx, x). Let m, 1,y
m~!(a) > a be the induced map where A is the diagonal of X X X. Under the
natural identification of X with A, the set {x|dim Tx < k} coincides with the set
{ x|dim m,‘"l.l(A)(x) > 0}. By semicontinuity of dimension in the Zariski topology,
the lemma follows. O

The next two results are immediate consequences of the work of A. Fujiki [8, 9,
10] and D. Lieberman [13] on compactness of components of the Douady space of
Kahler manifolds.

(0.2.2) THEOREM. Let X and T be as above. There is for any x € X with dim Tx = k
a diagram

¢X
z - X
(+) £l
0,

with the following properties:

(a) £, is a flat surjective morphism of connected compact complex spaces Z,. and Q.

(b) the restriction of ¢, to each fibre Z (q) = f.'(q) is an embedding and there is a
q € Q such that $(Z,(q)) = Tx,

(c) there is a natural action of T on Z, making f, and ¢, equivarient with respect to
the trivial action of T on Q , and the given action of T on X.

(d) there is a dense Zariski open set 0, C Q, such that for each g € 0., Z (q) is
reduced and ¢ (Z (q)) is the closure of a T-orbit,

(€) the reduction of every fibre of f, is pure k-dimensional and for fibres
(Z,(q), Z(q")) that are reduced, $(Z,(9)) = $(Z(q")) only if ¢ = ',

(f) given any diagram

&
z - X
Ql
that satisfies properties (a) through (e) there is a holomorphic map c: Q' = Q, such
that (* *) is the pullback of (*).
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PROOF. Let 2, be the connected component of the Douady space of X which
contains the point corresponding to Tx. By the defining properties of the Douady
space there is a diagram

@
# S X

(#) Fl
2

where 5, is the family of subspaces of X corresponding to points of 2, such that:
(a) Fis a flat surjection and @ is an embedding on any fibre of F,
(b) there is a point ¢ € 2, such that ®(F'(q)) = Tx,
(c) given any diagram of connected analytic spaces # and 2:

¢/
XN - X
#H
(# %) o
2

such that (a) and (b) with @’ and F’ in place of ® and F respectively are true for this
diagram, then there is a holomorphic map ¢: 2 —» 2, which induces (# #) from
(#).

T acts naturally on 2, and 5. Both actions are holomorphic. Let Q, be the
connected component of 27 that contains the point corresponding to Tx. Let
Z = F(Q,) and let F, =f. ®; = ¢,. By the results of Fujiki [8, 9, 10] and
Lieberman [13] 2, and Q, are compact. The rest of the proof of (0.2.2) is standard.
O

(0.2.3) By the countability of the number of components the Douady space of a
compact Kahler manifold, it follows [8] that there is one diagram from (0.2.2):

&,

zZ, - X
fid

0,

with Z_ and Q, compact irreducible spaces and ¢, a bimeromorphic holomorphic
map. We will drop here the subscripts and refer to the diagram:

¢
zZ - X
*
(0.2.3%) /e
Q

(0.2.4) LEMMA. Only finitely many different diagrams occur in (0.2.2).

__PrOOF. By the local compactness result [10] it suffices to bound the volume of any
Tx with dim Tx = k with respect to w¥, where w is the Kahler class in X. For this it
suffices to note that:

(a) by (0.2.2)(f) and (0.2.3), Tx is a component of ¢(Z(q)) for some g,

(b) two fibres Z(q) and Z(q’) of a flat map are homologous,

(c) the volume of Tx is less than or equal to that of $(Z(q)). O
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(0.2.5) COROLLARY. Let T and X be as above. Let Z, Q ., f, and ¢, be as in (0.2.3).
Let V be an irreducible component of the reduction of a fibre Z (q) of f,. Then T has a
dense orbit in V.

PrOOF. For simplicity we give the proof for Z, Q, f and ¢. The only difference
between this and the general case are subscripts.

Assume that T has no dense orbit on V. Since dim T = dim V" by (0.2.2)(e), it
follows that each orbit Tx of T for x € V is of dimension less than dim 7. Since T is
abelian and since the action is meromorphic, this implies that Tx is left fixed by at
least one one-parameter subgroup C* C T. Since T contains only countably many
one-parameter algebraic subgroups of T, it follows from the Baire category theorem
that there is a subgroup T, = C* of T that fixes all of V.

We will need to work with the analogue of (0.2.3*) for Tj in place of T. We simply
use the subscript 0 when we deal with the T objects, {Q,, Z,, fy, ¢, @5 }-

Since ¢y( f57'(0,)) contains a Zariski open subset of X we can choose a sequence
of points { g, } € 0 converging to g and such that:

(@) #, = éo(f7(Op) = f7(Op)") N $(Z(q,)) N $(f(O) = f(O)T) is nonempty
for all n.

Since ¢(Z(q,)) converges to ¢(Z(q)) in the Hausdorff topology on the space of
compact subsets of X, it follows that we can find a sequence { x,,} £ X such that:

(b)x, € ,,

(c) lim x, = x € ¢(V) and x lies on no irreducible component of ¢(Z(q)) besides
(V).

Passing to a subsequence {x,} we can therefore find a seqeunce {y,} € 0,
converging to a point y € Q, such that ¢,(Zy(y,)) 2 T,x,. We conclude that
x € ¢o(Zy(y)) € $(Z(q))- Thus by (c) and the fact that ¢,( Z,( y)) is connected and
uncountable, ¢4(Z,(y)) meets ¢(¥') in an uncountable set. Thus we contradict the
fundamental fact that the T, fixed point set of ¢o(Z,(y)) is finite. O

We need the Kahlerian analogue of a result of Sumihiro [17].

(0.3) THEOREM (M. KORAS [12]). Let X and T be as above. Given any x € X7 there
is a T-invariant Stein neighborhood % C X of x and a proper embedding ¥ of % into
CV such that:

(a) ¥(x) = origin,

(b) ¥ is equivariant with respect to the usual action of T on X and a linear action of
Ton CV.

This result has the following immediate consequence by pulling back the usual
Luna slice theorem on C" [14].

(0.3.1) COROLLARY. Let X and T be as above. Let x be a point on X with finite
isotropy subgroup 1. C T. Then there exist a neighborhood % of Tx and an analytic
subset D of % containing x such that % = T X, D.

The above result makes geometric quotients easy to handle.
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(0.3.2) THEOREM (HOLMANN [11]). Let % be an open T-invariant subset of X.
Assume that dim Tx = k for all x € % and that the set %/T of T orbits on U is
Hausdorff with respect to the induced topology. Then there is a unique complex
structure on %/ T such that the quotient map A: % — U/ T is holomorphic and such that
given any open set V on %/ T the space of holomorphic functions on V pulls back to the
space of holomorphic functions on A~Y(V') constant on fibres. %/ T is normal. We call
U/ T with this analytic structure, the geometric quotient of % by T.

PROOF. The reader can find a proof of the above for T = C* in [2, (0.2)]; there are
no real differences between that case and the above case. 0O

By W/G, where G is a compact group acting continuously on a complex analytic
space W, we mean the space of G orbits with the induced topology. W/G is
Hausdorff and has the structure of a simplicial complex if G C T and the action of
G is the restriction of a holomorphic action of T.

The following criteria for existence and compactness of quotients are the ana-
logues of [2, (1.2)]; we use the notation of (0.2.3).

(0.4) THEOREM. Let % C X be a T-invariant open set. A geometric quotient %/ T
exists if and only if for each q € Q, ¢(Z(q)) N % is either empty or of the form Tx for
some x € X with dim Tx = k. Assuming that %/T exists, it is compact if and only if
d(Z(q)) N U is nonempty for all g € Q.

PROOF. Assume that ¢(Z(q)) N % 2 Tx U Ty, where Ty does not meet Ty. Since
&(f~(O0) — f}(0)T) is Zariski open we can find a sequence g, € O such that:

(a) limg, = g,

(b) $(Z(q,)) N % = Tx, for some x,,.

Choosing slices D and D’ to Tx and Ty it is easy to check that Tx, converges in
/T to both Tx and Ty. Thus %/T is not Hausdorff and the geometric quotient by
T does not exist.

Assume that the geometric quotient %/ T exists and that ¢(Z(g)) N %is empty for
some q. For the same reason as above there exists a sequence { g, } € O such that:

() limg, = q,

(b) $(Z(q,)) meets %.

If %/T was compact there would be a convergent subsequence { y, } of the sequence
of images of ¢(Z(q,)) N %. Let y be the limit point in %/T and let x € % be such
that Tx goes to y. Since ¢(Z(q,)) converges in the Hausdorff topology on the
compact subsets of X to ¢(Z(q)) it follows that Tx C ¢(Z(q)). This contradiction
shows that %/ T is not compact.

The other parts of the proof are similar and left to the reader. O

We need some results of M. Atiyah [1].

(0.5.1) THEOREM. Let X be a connected compact Kihler manifold on which T acts
meromorphically. Then there is a map Z: X = xo(T) = R* that is called the moment
map and which is constant on K orbits and connected components of XT. Further given
any Z_ from (0.2.4), we have that:

@A(e(Z))=/ (Tx) is the convex hull of Z((Tx) N XT), and the last set is the set
of vertices, i.e. extreme points of ¥ (Tx),
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(b) £ factors:

¢(Z,(q))/K

with b a homeomorphism for allq € Q.

PRrROOF. By [1] there exists a function Zsatisfying all of the above except possibly

(*) #(6.(2,)) =/(Tx)
and (b).

To see (*) note that since there are only a finite number of fixed point
components of T in X there are only a finite number of vertices for the convex sets
7 (Tx"), where x’ € X. Therefore there are only finitely many possible images A (Tx")
as x’ runs over X. Therefore by continuity and the fact that for nearby points g and
q in Q,, ¢.(Z.(q)) and ¢,(Z,(q’)) are nearby in the Hausdorff topology on
compact subsets of X, it follows that the set

#={qeQl/(¢.(Z.(9) =/(Tx))}
is open. 3
It is also closed. Take any point a € &/ —«/. The same argument as above shows
that

{a€0)7(4.(2.(9) = £(.(2,(a))))}

is open.

Since Q, is connected, (*) is proven.

To see (b) note that we have shown above that £ (¢.(Z.(9)) =/ (Tx). Since /is
constant on K-orbits, it follows that # factors

o(Z.(2) > #(T%)
a\y b
o(Z.(q))/K

Since ¢.(Z,(q)) € $(Z(§)) for some § € Q it suffices to prove the above result
without subscripts. For § € @it follows that ¢(Z(§)) = Tx, where dim T% = k. For
these, b is a homeomorphism by [1]. Since @ is dense in Q we must only show that
the set of g € Q, where b fails to be a homeomorphism, is open. To see this assume
that b is not a homeomorphism on ¢(Z(q))/K. Note that $(Z(q)) decomposes into
a finite number of irreducible components { Z;} on each of which T has a dense
k-dimensional orbit by (0.2.5). Thus by [1], b is a homeomorphism in each Z;/K and
maps each to a convex set of /(T)'c). Thus there must be two distinct Z; which #
maps to a set containing a common open set. Since ¢ near ¢’ implies that ¢(Z(q)) is
near ¢(Z(q")) in the Hausdorff topology on closed subsets of X and therefore that
¢(Z(q))/K is near $(Z(q’))/K in the Hausdorff topology on closed subsets of
X /K, it follows that b cannot be a homeomorphism on ¢(Z(q")) for g’ nearq. O




QUOTIENTS BY C* X C* ACTIONS 527

(0.5.2) THEOREM. Let X and T be as above. Given a one-parameter subgroup
a € x*(T), there is a projection a*: x 5(T) = R defined by a*(x) = I'(x,a) = x°c a
€ x(C*) = Zfor x € x(T). Let a* ° /: x = x 4(a) be the composition of a* and the
moment function /. Then for all x € X — X°, a* o £(a(t) - x) is a monotone increas-
ing function of |t|.

PRrROOF. This is the assertion on the top of page 8 of [1]. O

(0.5.3) COROLLARY. Let X and T be as above. Let T = C* X C* and let {a, B} be
two one-parameter subgroups of T that generate T. Let F,, Fg be connected components
of X* and X respectively. Then /(F,) N /( Fp) is empty or a single point.

PRrROOF. If either F, or FpcX T the result is clear. Therefore assume otherwise. By
the above results, /( F,) and /(Fp) are closed line segments. We must therefore only
check that they are on different lines.

This is clear since a* o #(a(¢) - x) is monotone increasing with |7| and F; £ X T
O

1. Topological resuits.

(1.0) Throughout this section coefficients are almost always the rational numbers
and are therefore suppressed unless different from Q. Thus given a CW complex W,
HI(W), H(W), H,(W) denote respectively rational cohomology with compact
supports, rational cohomology, and rational homology. As usual T = (C*)* = K X 4
acts meromorphically on a compact connected Kahler manifold X.

(1.1) LEMMA. Let X and T be as above. Let U be a T-invariant open set such that the
geometric quotient U/ T exists. Then U is a principal A-bundle and U is homeomorphic
to U/A X A where the product projection to U/ A is the quotient map.

PROOF. Using the slice theorem for T on U and the fact that any isotropy group of
a point on U belongs to K, the assertion about U being a bundle over its space of
orbits with the induced topology is clear. Choose any continuous section o: U/A4 —
U; this can be done since 4 is a cell. The map U/4 X A - U given by (x,a) > a -
o(x) gives the desired homeomorphism. O

(1.2) LEMMA. Let T act meromorphically on a compact Kéhler manifold X. Let U be
a T-invariant open set such that the geometric quotient U/T exists. Let g: U - U/T
and g’: U/A — U/T denote the quotient maps. Then the higher direct image sheaves
8, (Q) and g{,,(Q) are both constant with stalks isomorphic to H i(T).

PROOF. Since 4 is a cell and U — U/A is a principal A-bundle, it follows from the
diagram
U - U/A

g\ v g
U/T

and the Leray spectral sequence for a composition of maps that the lemma will
follow for g’ if it is proved for g.
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Given x € U let D be a slice of Tx through x. By (0.3.1) we have a neighborhood
 of Tx of the form D X, T, where I, is the isotropy group of x; I, is the finite
subgroup of K.

We have

DXT ——>DXx, T——> (DX, T)/I,
\ ot /
D/I.c U/T

Note that v is a principal T/I, bundle and thus if D is chosen small enough so that
D /1 is contractible, it follows that y is a product projectionof %/I, = D/I . X T/I..
It follows from the above diagram that

H/(%) — H/(any fibre of g,,)
is an isomorphism. This proves the lemma. O

(1.3) THEOREM. Let T act meromorphically on a compact connected Kihler manifold
X. Let U be a T-invariant open set such that the geometric quotient U/ T exists. Let

a = min{ jlH/(U) # 0}, b= min{ jlHIU/T) + 0}.

Thena = b + k and HY(U) = H"(U/T). In particular U/T is compact if and only if
a=kand HK(U) = Q.

PrROOF. Using (1.1) it follows that
(*) H(U) = H;%(U/4)

for all i.
Using (1.2), the fact that U/4 — U/T is proper, and the Leray spectral sequence
it follows that

(**) H{(U/T)= H(U/A) fori < min{ jIH/(U/T) + 0}.

(*) and (* *) together finish the argument. O

(1.4) In the above we used the map U — 4 to get an isomorphism of H*(U) with
Q when U/T is compact. The map U — A4 is unique up to homotopy. This is easily
seen since there is a homotopy between any two continuous sections of U —» U/A4
that preserves the fibres of U = U/A. Assume that U/T is compact. From this it
follows that the isomorphism H*(U) = Q is canonical. It is convenient to refer to
the explicit element n,, of H*(U, &), which is the pullback of the positive generator
of HX(A, Z), as the class of the quotient U/T. Since U — A factors as U - U/K —
A this class is the pullback of a unique class 1, of H*(V, 2) where V = U/K. This
class is a generalization of the Thom class and has all the functorial properties that
one expects. For example, if x € U or V, then Ax C X or X/K is a 2-chain. Since
Ax goes homeomorphically to 4 under U = 4 or V — A it follows that 5, or 0,
evaluated on Ax gives 1.

(1.5) THEOREM. Let X, U, and T be as in (1.3). Then the map H*(U) » H*(X) is
the O map.
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PRrOOF. If U/T is noncompact, then by the last theorem H*(U) is 0 and there is
nothing to prove. Therefore we can assume without loss of generality that H*(U) = Q
and that U/T is compact.

Let F be the union of all isotropy groups of all points of U. Since our T action is
meromorphic, F is a finite subgroup of K. Then U/F is a principal T/F bundle over
U/T.

Let M = U/F X 1, P¢, where T/F acts on 24 with the action

t(zgs-er2) = (20, 1,(8) 2, ., 1,(2) 2,),
where t € T/F, {t;} is a basis of x(T/F) and {z,,...,z,} are homogeneous
coordinates on £, Let m: M — U/T be the induced map. Let Q be a desingulariza-
tion of U/T. Pulling back = we get a map #’: M’ — Q. Let (U/F)’ denote the
pullback of U/F.

The map U — U/F extends to a meromorphic map from X to M. Since Q is
bimeromorphic to U/T it follows that M is bimeromorphic to M’. Thus letting Z be
a desingularization of the graph of the meromorphic map from X to M’ gotten by
composition, we have the diagram

A
U - X - y4

l N

(+) UF > M « M
N ln 7

U/T « Q

Note that if we choose a continuous section o for the A-bundle U/F — (U/F)/A,
we get continuous sections by pulling back for the bundles U - U/A4, and (U/F)’
— (U/F)’/A. Thus we get a diagram

U

!

U/F <« (U/FY
v
A

so that the class n, of the quotient U/T and the class 7,y of the quotient
(U/F)'/(T/F) = Q are pullbacks of the same class from HX(U/F).

A basic fact [18] is that 4* and B* are injective on rational cohomology since A4
and B are generically finite to one surjective map between compact complex
manifolds.

Therefore by (*) and the last two paragraphs it follows that H*(U) » H¥(X) is
the 0 map if H*(U/F)’) - H*(M’) is the 0 map.

Since 7’: M’ — Q is the projectivization of a vector bundle on Q it follows from
the Leray-Hirsch theorem that any nonzero element of H*( M) can be written:

[k/2]

(**) Z “’i('”’*"h),

i=0
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where 7, € H*"%(Q) and w is any class that restricts to a generator of H2(fibre of
7’). Since n = ny,ry can be represented as a compactly supported C* form pulled
back from A under a projection (U/F)" — A associated to a C* section of
(U/F) — Q, it follows that @ A 7 = 0 for all i > 0 and any C*™ representative @ of
w. Thus by (* *) we get the contradiction that n = #"*n,, where n, € H*(Q). This
implies the theorem. O

(1.6) Up to this point we have not used the Kahler assumption in any crucial way.
Theorem (1.3) holds for any meromorphic action of T on a compact complex space
and any T-invariant open U C X with a geometric quotient U/T. Theorem (1.5)
needs in addition that X is a rational homology manifold so that the result of [18]
will hold.

The next result is needed for singular varieties.

(1.7) THEOREM. Let X be a connected compact complex analytic space. Assume that
T acts meromorphically on X. Let g: X — X /K be the quotient map. The induced map
g* gives an isomorphism H'(X/K)= H'(X) and an injection 0 > H*(X/K) —
H*(X).

PROOF. By the Leray spectral sequence for g and the fact that g is proper with
connected fibres, it suffices to prove that I'( X/K, g,(Q)) = 0. Therefore, assume to
the contrary that there is a global nontrivial section, o of g,,(Q).

Since g is proper, restriction gives

gn(X,0), = H'(g'(»). Q)

for the Leray sheaf and all y € X/K. Therefore it suffices to show that o induces the
zero section of gm(ﬂ, Q)forallx € X.

Let x be chosen such that dim Tx is as small as possible consistent with o giving a
nontrivial section of gm(ﬂ, 0). o

Since T is meromorphic it has a fixed point g € Tx. Since g '(g(q)) = g, it
follows that o is identically 0 in a neighborhood of g(gq) on g(ﬁ). Since Tx —
(Tx)/K is a fibre bundle over a dense open set of Tx/K, this implies that o is zero
on Tx/K. Therefore there must be an x” € Tx — Tx so that o gives a nonzero
section of g,(Tx’, Q). Since Tx’ C Tx — Tx we get the contradiction that dim Tx’
<dimTx. O

(1.7.1) COROLLARY. Let X be a compact connected Kihler manifold. Let T = (C*)*
for k = 1 or 2 act meromorphically on X. Let U be a T-invariant Zariski open subset of
X such that the geometric quotient U — U /T exists. Then the inclusion map H kKU/K)
— H*(X/K) is the 0 map.

PrROOF. We have the commutative diagram of long exact sequences:

- > HY(X) - HYX-U) - HKU) - HYX) - --
) T 1 T

- > H(X/K) » H* /(X - U)/K) —» HX(U/K) > HY(X/K) = -

By Theorems (1.5) and (1.7) the result follows immediately. O
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(1.8) THEOREM. Let X be a compact Kihler manifold with a meromorphic action of
T = (C*)*. Let S be the source with respect to some one-parameter subgroups
o € x*(T). Then inclusion i gives an isomorphism H,(S/K) = H,(X/K).

ProOF. By Kronecker duality it suffices to prove that H(S/K) = H}(X/K).
We have the commutative diagram:

HY(S/K) <« HY(X/K)
i )
H(S) < H'(X)

The vertical arrows are isomorphisms by (1.7.1). The horizontal map £ is an
isomorphism by [7,5,9]. O

2. Complexes.

(2.1) Let €= {(V,lin); E, C} be a system where

(a) Vis a set of elements called vertices,

(b) lin is a three argument relation on V; for lin(v,, v,, v3), read: v,, v,, v, lic on
the same line,

(c) E is a subset of V' X V; elements of E are called (oriented) edges,

(d) C is a family of cyclically ordered finite subsets of ¥ each containing at least
three vertices; the elements of C are called cells.

(2.2) DEFINITION. A system € as in (2.1) is called an oriented 2-cell complex (or
complex for short):

1).if (v, v,) € E, thenv, # v,,

(ii) if (v, v,) € E, then (v,, v,) € E,

(iii) if c € C, v, v, € c and v, is the predecessor of v, with respect to the cyclic order
of c, then (v,,v,) € E,

@iv) if c € C, vy, vy, V3 € cand lin(vy, vy, v3), then v, = v, 0or v; = vy 0r v, = U5.

(v) if two cells with equal sets of vertices are identical.

(2.3) Let €= {(V,lin), E, C} be a complex. If (v,, v,) € E, then v, is called the
beginning and v, is the end of the edge (v,, v,). Both v,, v, are called vertices of the
edge.

If c € C; vy, v, € cand v, is a predecessor of v, with respect to the cyclic order in
¢, then (v, v,) is called an edge of the cell c. Any v € c is called a vertex of c¢. The
set of all vertices of a cell ¢ is denoted by vert(c), and the set of all edges is denoted
by ed(c¢).

(2.4) For any set A4, let Z( 4) be the free abelian group with A4 as the set of its free
generators.

Let €= {(V,lin), E,C} be a complex and let ¢ € C. Let B, be the subgroup of
Z (E) generated by all elements of the following two types:

(a) (vy, 0;) + (vy, v,), for any edge (v;, v,) € E,

(b) (v}, vy) + vy, v3) + {03, vy), for any v,, v,, v; € V such that {v,,v,} is an
edge of ¢, lin(v,, v,, v3) and (v}, v,), (v, v3), {(v3, v,) € E.

Denote 2 (E)/B. by Z(E). We are going to identify each edge (v, v,) with its
image in Z( E'). Hence we shall write (v, v,) = —(v,, v;).
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(2.5) For any ¢’ € C, let §(c’) be the element of 2°(E) equal to the sum of all
edges of ¢’. If there is no danger of ambiguity the image of 8(¢’) in Z,( E) under the
canonical map #(E) —» % (E)/B, = Z (E), where c is a fixed cell, will also be
denoted by 8(c’).

(2.6) DEFINITION. Let ¥be a complex and let ¢ be one of its cells. Then a family of
cells {c,,...,c,} of cells is called a subdivision of the cell ¢ if 8¢ = L ,8¢;in Z.(E).

(2.7) EXAMPLE. Consider R* with its canonical orientation determined by the choice of
the basis (e, e,), where e, = (1,0), e, = (0, 1).

Let & be a compact, two-dimensional convex subset of R* with a finite number of
vertices. Denote by vert(¢) the set of all vertices of ¢ cyclically ordered by

if vy, v, are adjacent vertices of ¢, then v, is the predecessor of v, iff
. . e — 5

for any p € Int(¢), the basis (v, p,v,v, ) of R has the same

orientation as (e, e,).

Denote by ed(¢) the set of all pairs (v,, v,) where v,, v, € vert(¢) and v, is the
predecessor of v,.

Now let C be any family of compact, two-dimensional convex subsets of 22 such
that each has a finite number of vertices. Then the system %(C) =
{(V(C),lin), E(C), C(C)}, where

(@) V(C) = U very(),

(b) lin(vy, vy, v;) iff v}, ,, v; lie on the same line in R

(c) E(C) = {(vy, 03) € VX V|{vy,0,) or (v}, 0,) € U ceed(8)},

(d) C(C) is the set of all cyclically ordered sets vert(¢), where & € C
is a complex.

(2.7.1) It follows by a Euclidean geometry argument that:

if a family of cells {vert(¢,),...,vert(¢,)} in €(C) is a subdivision of a cell
vert(&,), then

(1) &, = U/_¢;and Int(&,) N Iny(¢)) = & fori # j.

(2a) if (v, v;) is an edge of ¢, for some k € (1,...,n}, which is not contained in
any line containing an edge of ¢,, then there exists exactly one cell ¢,, / € {1,...,n}
and / # k such that (v, v;) is an edge of ¢,,

(2b) if (v,, v,y is an edge of &, and {(v,, v, |1 < i < m} is the set of all edges of
cells ¢,,...,¢, that are contained in the line passing through v; and v;, then there

exists a permutation o of {1,...,m} such that
( ) I’ 18 U U‘Io(m) = Uf’
(u)qu Vs “forz—l .om— 1.

(2.8) Let X be a compact Kahler manifold with a meromorphic action of
T =C* x C* (§0.2). Let €(X) = {(V(X),lin), E(X), C(X)} be a system defined
in the following way:

(a) V(X) = {F,,...,F,}, where F|, F,...,F, are all connected components of X", T

(b) E(X)C V(X)X V(X) and (F, J> € E(X) iff there exists a one-dimen-
sional orbit Tx, where x € X, such that Tx N F, # &, Tx N F+ 2, and Tx N F,
NF =2,
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(c) lin is a three-argument relation in V(X) defined as follows: lin(F}, F;, F}) iff
there exists a one-parameter subgroup a € x*(T), a # 0, and a connected compo-
nent Fof X*such that FU F,U F, C F,

(d) C(X) is the family of all subsets of V(X) which are of the form {F;
Tx N F, # @) for all two-dimensional orbits Tx in X, with the cyclic order defined
in the following way:

if F,, F,€ {F|Tx N F,+ @}, F, # F, then F, is the predecessor of F, iff there
exist one-parameter subgroups a, 8 € x*(T') such that:

(i) the source of the action of C* on Tx induced by a contains (F, N _T—x) U (F,
N Tx),

(i1) there exists y € Tx such that lim,_,B(t)y € F,,lim,_, B(t)y € F,

(iii) (a, B) is a basis of x%(T) oriented consistently with the canonical basis
(e}, e5).

In order to see that the notion of the predecessor defined in (d) determines a cyclic
order in {F|F,N Tx + @} consider a moment function /: X — x&(T). The
restriction of the moment function to Tx has the following properties (see (0.5.1),
(0.5.2) and (0.5.3)):

(1) Z(Tx) = conv(/({ F|F,N Tx # @})) and Z({ F|F,n Tx # @}) coincides
with the set of vertices of / (Tx),

Q)if F,, F,€ {F|F,n Tx+ @ }, F, # F,, and there exists a nontrivial y € x*(T')
such that F, U F, is contained in a connected component F of X7, then y* o /(F,)
= y*o° £(F) and /(F N Tx) = conv(£(F,), /(F) is an edge of /(Tx), .

(3)foranyy € x*(T)and any y € Tx — (Tx)7, if y # 0, then

v*e (limy(1)y) < y*e /( lim v(r)y).
=0 -0
Thus conditions (i) and (ii) are equivalent to:
(") a* o £(F) = a* o £(F) = mina* o £( £(Tw)),
(ii’) B* o £(F,) < B*o £ (F).
Moreover, condition (iii) is equivalent to:

(iii") the basis of x 4(T) dual to the basis (a, B) of x% is oriented consistently with
the canonical basis of x ,(7T). Now take any point p € Int #(Tx) and consider

& = AF)P, B = ZEIAK).
Then
a*(a’) = a*(p) — a*(/(F,)) > 0,
a*(B’) = a*(/(F)) = a*(/(F,)) =0,
B*(B') = B*(/(F)) - B*(/(F,)) > 0.

Thus (', B’) is a base of x 4(T') oriented consistently with the basis dual to («, 8)
and therefore we have proved that

F, is a predecessor of F,in the sense of (2.8)(d) iff #(F,) and
(%) /(F;) belong to the same edge of / (Tx) and, for any

p € Int(/(Tx)), the base (/(F,) p, /7 (F,) 7 (F))) of x4(T) is
oriented consistently with the canonical base of x (7).
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Therefore the relation of the predecesor defined as in (d) defines a cyclic order
(compare with (2.7)).

(2.9) THEOREM. The system €( X) defined in (2.8) is a complex.

PROOF. We are going to check that conditions (i)—(v) of (2.2) are satisfied. Let us
fix a moment function /: X — x 4(T).

(i) Let Tx be a one-dimensional orbit in X and F; N Tx + O, Fn Tx + 0 and
F,NF,NTx= @. Let B be any one-parameter subgroups not contained in the
isotropy group of x. Then either lim,_,B(¢)x € F, and lim,_B(t)x € F, or
lim, ,B(¢)x € F; and lim,_,  B(¢)x € F,. In both cases (by (0.5.2)) B*° /(F)) #
B* e /(F;). Thus F, # F,.

(i1) follows immediately from the definition of E( X).

(iii) Let ¢ = { F;|F,N Tx #+ @}, where x € X, be a cell and assume that F, € c is
the predecessor of F, € c. Then F, # F, and there exists a one-parameter subgroup
a € x*(T), a # 0, such that the source X, of the induced by a action of C* on Tx
contains (F, N Tx) U (F,N Tx). Since the source is connected (see [2, (A.1)]), it has
to be of dimension one. Since the source is irreducible, T-invariant and closed, it has
to be of the form Ty for some y € X,. Then the edges determined by Ty (see (c) in
(2.8)) are { F,, F,) and (F, F},).

(iv) If F, F,, F,€ ¢ = {F|F,n Tx # @} for some x € X with dim Tx = 2, and
lin(F), F,, F), then F,U F, U F, is contained in a connected component of X* for
some a € x*(T), @ # 0. Thus F, = F,or F; = F, or F; = F;by (0.5.3).

(v) Assume that {F|F,N Tx, # @} = {F|F, N Tx, # @)} for x;, x, € X with
dim Tx, = 2 = dim Tx,. Then

Z(Tx,) = conv(/({ FIF,N Tx, # Q}))
= conv(/({ FIF,N Tx, # Q})) =/(Tx,)

and it follows from (*) of (2.8) that the cyclic orders on both cells, { F;|F; N T_x1 #
@}, { F|F, N Tx, # @}, are identical. Hence the cells are equal. O
(2.9.1) Let ¢ be a cell in ¥(X). Let g: X - Y = X/K be the quotient map. Any
orbit Ay, where y € Y and { F}|F, N Ty # @} = vert(c), is called a realization of c.
Notice that for any x € g~'(y), where y is as above.

(FIFn 4y + 8) = { FIF,n Tx + @}.

If {¢;,...,c,} is a subdivision of ¢, then we say that U, Ay, C Y is a realization of
the subdivision if Ay, is a realization of ¢, foreveryi = 1,...,n.
(2.9.2) Let ¢ be a cell in €(X), let Ay be a realization of ¢ and let x € g~'( ). Let

¢X
- X

ZX
£
Q

X

be asin (0.2.2) and letg € Q,.
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Suppose that {Tz,,...,Tz,} is the set of all two-dimensional orbits in Z,(q) and
denote by ¢, the cell in €( X) defined by

¢= { EE0Tg(z)# 7).

Then {c;,...,c,} is a subdivision of ¢ and UAg(¢$,(z;)) is a realization of the
subdivision.
The proof of this follows from (0.5.1).

(2.10) LEMMA. Let (F,, F;) be an edge in €(X) and let a, B € x*(T), a #+ 0,
B # 0. Suppose that F; U F, C F, N Fy, where F,, F; are connected components of X*,
XB, respectively. Then a, B are linearly dependent. X* = X and F, = F,.

PROOF. It is enough to show that a, 8 are linearly dependent. Let /: X — x4(T)
be a moment function. It follows from our assumptions that a* o /(F,) = a*° /(F))
(since a* o /is constant on F,) and similarly B* o /(F)) = B*° /(F). If a, B were
linearly independent, then af o /(F)) = af ° /(F)) for any a; € x*(T') and hence
F(F)=/(F). But the last equality contradicts our assumption that F, F, are
different vertices of the same edge. Thus a, 8 are linearly dependent. O

(2.11) It follows from (2.10) that the set of all edges can be divided into (a finite
number of) disjoint subsets E.(X), where F runs over the set of all connected
components of subspaces x* for a« € x*(T), a # 0, and {F, F;} € Ex(X) iff
FUFCF

(2.12) Let ¢y be a cell of €(X) and let {c,,...,c,} be a subdivision of c.

(2.12a) Let ( F;, F;) be an edge of ¢, for some k € (1,...,n}, such that (F,, F;) €
E(X) but no edge of c, belongs to E.(X). Then there exists exactly one cell c,,
I={(1,...,n} and ] # k, such that ( F,, F,) is an edge of c,.

(2.12b) Let (F,, F;) be an edge of ¢, and let (F,, F;) € Ep(X). Let {{F,, F, }|i
=1,...,m} be the set of all edges of cells {c,,...,c,} belonging to Er(X). Then
there exists a permutation o of {1,...,m} such that

() F, =F,F, =F,and

Poq1) P27 Go(m)

(i) F, =F fori=1,....m— 1.

oqiy Pogi+1)

PROOF. Let /: X — x4(T) be a moment function and let ¢ be any cell in €(X).
Then / maps vert(c) onto vert(conv( #(vert(c)))) (see (0.5)) and # preserves cyclic
orders given on both sets (2.8) and (2.7).

Moreover if lin(F;, F,, F;) and (F,, F;) is an edge of ¢, then /(F), #(F), /(F})
lie on the same line containing the edge (/(F,), /(F;)) of conv(/(vert(c))).
Therefore the equality 8(c,) = Xi_,8(c;) in £, (E(X)) implies that

B/ (e) = £8(/(e)) in2y, (EC))

where for any cell ¢ in %(X), Z(c) = f(vert(c)) and C = {conv £(cy),
conv/(c,),...,conv/(c,)} (compare (2.7)).Thus { Z(c,),...,#(c,)} is a subdivision
of #(cy)in ¥ (€) and (2.12) follows from (2.7.1). O
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(2.13) Let €= {(V,lin), E, C} be a complex. A map p: C — {0,1} is said to be a
moment measure on %if for any cell ¢, € C and any subdivision {c,,...,c,} of c,.

p(eo) = T ().

If u 1s a moment measure on %, then a cell c is called p-stable if p(c) = 1.

(2.13.1) Let p be a moment measure on ¥(X). A point x € X is said to be
p-stable if Ag(x) is a realization of a p-stable cell. The set of all u-stable points is
denoted by X;.

(2.14) A cell ¢ € (X)) is called principal (or generic) if it has a realization Tx,
where the orbit Tx is generic in the sense that ¢ (Z,) = X.

It follows that there exists exactly one principal cell in €( X).

(2.14.1) LeMMA. If F, is a vertex of a principal cell ¢ of €(X), then there exists a
one-parameter subgroup B € x*(T) such that X# = X7 and F, is the sink of the
induced by B action of C* on X.

PROOF. Let f: X = x4(T) be a moment function. It follows from (0.5) that for
any generic orbit Tx, / (Tx) = /#(X). Hence (again by (0.5)) for any vertex F, of the
principal cell ¢, /(F,) is a vertex of /( X). But for any vertex F, of /(X) there exists
a one-parameter subgroup B, such that X' B» = XT and B, ° /(F,) is the maximum
B, ° #(X). Then it follows from (0.5.2) that F, is the sink of the induced by B, action
of C*onX. O

3. Main Theorem.

(3.1) MAIN THEOREM. Let T X X — X be a meromorphic action of T = C* X C*
on a compact connected Kihler manifold X. Then there is a one-to-one correspondence
between moment measures p and T-invariant open sets U C X such that the geometric
quotient U/ T exists and is compact. Such U are automatically Zariski open. The
correspondence is given by sending p to the p. stable points X,.

PROOF. Assume we have a moment measure . Then X — U is a closed analytic set
and U is Zariski open in X. To see this, note that given x with dim Tx = 2, then the
family of cells associated to any ¢ (Z, (q)) with ¢ € Q. is a subdivision of the cell
associated to Tx. Thus if p(Tx) = G it follows that ¢ (Z,) € X — U. Thus X — U is
the union of the ¢, (Z,) with 1(Tx) = 0 and all x € X such that dim Tx < 1. Thus
by (0.2.1) and (0.2.4) it follows that X — U is the union of finitely many closed
analytic sets. Therefore X — U is a closed analytic set and U is Zariski open in X.

The set U is trivially T-invariant. If p(c) =1, then given any subdivision
{c1h...,c,} of ¢ we get precisely one ¢; with p(c;) = 1. Thus it follows from
(0.5.1)(b) that for each g € Q, $(Z(gq)) N U = Tx for some x such that dim Tx = 2.
By (0.4) U/T exists and is compact.

(3.2) Note that if we show that a T-invariant open U with a compact geometric
quotient U/T is the set of p stable points X; associated to a moment measure p, then
by the above, U is Zariski open in X.
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It remains to show that for any open T-invariant subset U C X such that the
geometric quotient U/T exists and is compact there exists a moment measure p such
that U = X;.

First we fix notation and terminology used in this part of the paper:

(a) all chains and cochains considered are assumed to be oriented singular cell
chains and cochains with rational coefficients,

(b) since the quotient map g: X — X/K = Y restricted to any fixed point
compenent F, of X7 is a homeomorphism onto its image we are going to identify F,
with g(F;) and consider F, as a subspace of Y,

(c) X;(Y;) denotes { X € X|dimTx < 1} ({ y € Y|dim 4y < 1}, resp.),

(d)if y € Y and dim Ay = 2, then we are going to consider Ay both as a subspace
of Y and as a 2-chain in Y. (This is possible since any moment function /:
X = x(T) determines a homeomorphism of Ay onto a compact convex two-
dimensional subset of x 5(T") (see (0.5)(b)) and the orientation of the subset does not
depend on the choice of /(see (2.8))),

(e) if & is a one-parameter subgroup a € x*(7T), then Y* denotes g(x*).

Now we prove two lemmas.

(3.3) LEMMA. Ler F, be any vertex of the principal cell of €(X). Let a € x*(T),
a # 0, and let F, be a connected component of X°. For any given 1-cycle a in F, there
exists a 2-chain b in X, such that §(b) = a + a,, where a, is a 1-cycle in F,.

PROOF. Since F, is a vertex of the principal cell, there exists a one-parameter
subgroup B8 € x*(T) such that X# = X7 and F, is the sink of the induced B action
of C* on X (see (2.14.1)). We are going to construct:

(a) a sequence { ay, a;,...,a,,} of one-parameter subgroups of T,

(b) a sequence {W,, W,,..., W, } of submanifolds of X satisfying the following
properties:

(i) W, is a connected component of X% fori = 0,...,m,

(i) ag = a, Wy = F,,

(ii1) the sink F) ;) of the induced B action of C* on W, is contained in W, , and is
different from the sink F),, ;, of the 8 action of C* on W, ;.

(iv) the sink of the induced B action of C* on W, is equal to F,.

Let us put ay =a, W, = F,. Then assume that the sequences {ag,...,a;},
{W,,..., W, } satisfying (i)—(iii) have already been constructed for some k > 0. If
the sink of the action of C* on W, is F,, the construction is finished. Suppose that
the sink F),, of the action on W, is not F,. Then it follows from our assumption that
Fii4y # Fy,» where Fi,, is defined by the (induced by B) action of C* on X (see [4]).
It follows from [4] (see also [2] for the algebraic case) that the map =: F;(,) = Fy),
defined by 7(x) = lim,_,,B8(¢)x for any x € F{x,» determines a locally trivial space
with affine spaces as fibres. Moreover the fibres are T-invariant and the action of T
on any fibre is linear. Take any point y € F,,. Since 771(y) has the structure of a
linear space and the restriction of the action of T to 7 ~!( y) is linear and nontrivial,
there exists a nontrivial character x € x(T) and a point x € 7 }(y) — { y} such
that for any ¢t € T, T(x) = x(¢) - x (where the multiplication of x(¢) times x is
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taken with respect to the linear space structure of 77!(y)). Now let o’ be any
nontrivial one-parameter subgroup of T such that (x, a’) = 0. Then X% > Fiy Y Tx.
Since Tx N Fyy= {y} # @, the connected component F’ of X containing Fy
contains x and therefore the sink of the induced B action of C* on F’ is different
from F),,. Letusputa, ., =o', W, = F'.

Let /: X —> %#? be any moment function. Then it follows from (0.5.1) that if
Fj 441, 1s the sink of W, , | (with respect to the action of C* induced by 8), then

°/(F1(k)) <B*e/( I(k+1))

Since there exists only a finite number of components F,, after a finite number of
steps our construction of sequences (a), (b) must stop. If it stops after m steps, then
(iv) is satisfied and we obtain sequences (a), (b) with properties (i)—(iv).

Now in order to prove the lemma apply (1.8) (m + 1) times. First take a 2-chain
by in W}, such that b, = a + a,, where a, is a 1-cycle in F) . Then find a 2-chain b,
in W, such that §(b,) = a, + a,, where a, is a 1-cycle in F;,, etc. Finally, take a
2-chain b, in W, such that 8b,, = a,, + a,,.,, wherea,,,, is a 1-cycle in F,,, = F,.
Then b = b, — b, + --- +(-1)"b,, is a 2-chain in Y,

8(b)=(a+a)—(a+a)+ - +(-1)"(a, +a,,,)=a+(-1)"a,.,,
and a,,,, is a 1-cycle in F,. The proof of the lemma is finished. O

(3.4) COROLLARY. Let F, be a vertex of the principal cell. Let a € x*(T'), a # 0,
and let F, be a connected component of Y. For any l-cycle a’ in F,, there exists a
2-chain b’ in Y, such that 8b’ = a’ + aj, where aj is a 1-cycle in F,.

PrROOF. Since the fibres of the quotient map g: X — X/K = Y are pathwise
connected, there exists a 1-cycle a in g~!( F,) such that g (a) = a’. Since g"}(F,) is a
connected component of X* we may apply Lemma (3.3) and obtain a 2-chain b in X;
such that

8(b) =a+a,, wherea,isal-cycleinF,.
Then b’ = g,(b) and a; = g,(a,) satisfy the conditions of the corollary. O

(3.5) LEMMA. Let b be a 2-cocycle with compact support in V such that [b] € HX (V)
is different from zero. Let c, be a cell which admits a realization Ax, such that x, € V.
Then for any subdivision {c,,...,c,} of ¢, and its realization Uj_, Ax, the Kronecker
product (b, ):j,le ) is equal to (b Ax,).

PROOF. It suffices to show that (b, Ax, — Z'\_ le)

Let F, be a connected component of Y# = X7. For any y € Y such that Ay N F,
# @, the intersection is composed of exactly one point, denote this point by V().
Now, for any x,, x,, where k,/ = 0,...,n such that Axk N F,+ & and Ax, NF,+
@, choose an arc v}, in F, with the begmnmg at v,(x,) and the end at v,(x,). We may
assume that v}, = —v}.

If (F, F;) is an edge of a cell ¢, / = 0,...,n, then there exists a one-parameter
subgroup a: C* - T, a # 0, and a connected component Z of Y* such that
F, U F, C Z. There exists an arc N ,;in E, N Z with the beginning at v;(x,) and its
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end at v;(x,). (In fact one may consider N, ; as the intersection of the boundary of the
2-chain Ax, with Z.)

Let I, be the family of all two-element sets {i, j} such that { F,, F;) and (F}, F;)
are edges of some cells ¢, ¢;, where k, I = 1,...,n. Then for {i, j} € I, define

€;; = _(Ylik + >"§j + v+ >‘[ji)-

Notice thate;; = —e;.

y
FIGURE 1

Now let I, be the set of all pairs (i, j) such that (F;, F;) is an edge of c,. Then it
follows from (2.12b) that there exists a connected component Z of Y, where a is a
nontrivial one-parameter subgroup such that F; U F; C Z and there exists a sequence
F,=F,F,,...,F, = Fsuchthat
(a)F,.j c Zforj=0,...,s,

(b) (Fy, F,, )isanedgeof acellc, ;, k(j) € {L,...,n}.
Then for (i, j) € I, define

= \O j — \k(s) iy e i
€; =N+ Ykes) — Niviis, T Yerks-n + + Yoo
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Let I = I, U I,. We have defined above for any ¢ € I an /-cycle e, lying in some
connected component Z of Y* for some nontrivial one-parameter subgroup a.

Let F, be a vertex of a principal cell. It follows from (3.4) that for any ¢ € I there
exists a 2-chain 7, contained in Y; such that 87, = e, + u,, where p, is an /cycle
contained in F,.

Since 8Ax = YA}, where the summation runs over all pairs (k, 1) such that
(Fy, F)) is an edge of c;, the difference T, e, — (84x, — Y 18Ax) is a 1-cycle
which is a sum of arcs y,ﬂ,. For fixed i = 1,...,r let ¥, be the sum of those arcs v;,
that occur in the difference. Then

(a)X,isal-cycleinF,i=1,...,r,

(b)Z,cre, — (84x, — L) 184x) = L[_ L.

In fact (a) follows from the fact that £7_,Y, is a 1-cycleand F, N F, = & fori # j,
and (b) is easily checked.

It follows from (3.4) that for F, chosen as above, and for any X, there exists a
2-chain n, contained in Y, and a 1- cyclem contamed in F,such that§(n;) = X, + m,.

Since 2 chains 7, for t € I and n;, i = 1,2,...,r, are contained in Y, and the
support of b is in V, we have

(b,ﬂo— Yy E,)=(b,¢) wherey = Axo— Y, Ax;— Y 7, + 3 n,.
j=1

j=1 tel i=1

On the other hand (by (b))

tel] i=1

8¢=8(-’H0— i E/) - Z(er+“r)+ Zr:(zi+mi)
Jj=1

= _Z""r+ Zm

tel

Thus 8y is a 1-cycle contained in F,.

Finally notice that since H*(V') — H?(Y) is the zero-homomorphism (see (1.7.1)),
b = 0b,, where b, is a 1-cochain in Y and (b, ¥) = (3b,, ¥) = (b;, 6¢).

But 8y is a 1-cycle in F, that is a boundary of a 2-chain ¢ in Y. Thus 8y is also a
boundary of a 2-chain y’ in F, (see (1.8)). Thus

(by, 8¢) = (by,8¢") = (3b,,¢’) = (b,¥') =0

since the support of bisin V and § is a 2-cycle in F,.

Therefore (b, Ax0 Y 1Ax ) = 0 and the proof is complete. O

(3.6) Proof of the second half of the Main Theorem. It follows from (1.3) and (1.4)
that HX(U) = HX(V) = Q. Choose a 2-cocycle b with compact support in ¥ such
that[b] =1 € Q = HX (V).

Let ¢, be any cell which admits a realization Ax,, where x, € V. Let {¢,,...,c,)
be any subdivision of ¢, and let UAx; be a realization of the subdivision. Then TAx,
is a 2-chain in Y and it follows from (3.5) that the Kronecker products (b,ﬁo) are
(b, X Ax,) are equal.
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Since (b, E,.) = 0 whenever Ax; is not contained in V,

(0 28| - £(0.75)- T (0.7,

j=1 j=1 Ax; €V

On the other hand for any x € V the value of the map
H,(Ax, Ax) 5 Hy(V,V),

where i: (Ax, Ax) = (V,V)at[dx] € HZ(Z;, Ax), does not depend on the choice of
x. Therefore (b,A_xo) = (b, ;i;,.) for any x;, € V.

Thus there exists exactly one i € {i,...,n} such that x; € V, and the index i does
not depend on the choice of the realization.

In particular if Ax is any realization of ¢, then Axgq C V.

Let p: C(X) — {0,1} be defined as follows:

_J1 iff for some (any) realization Ax of ¢, x € V,
plc) = .
0 otherwise.

It follows from the above that p is a moment measure and U is exactly the set of
all p-stable points of X. O

(3.7) We would like to give a very simple example in order to give the reader a
feeling for what the Main Theorem is saying. We intend to study nontrivial examples
in another paper—such examples quickly quickly reduce to combinatorial consider-
ations very different from his paper.

Let C* act on P? by

(*) (t,[2, 21, 2,]) = [Zo,t'zh’z'zzl’

where t € C* and [z, z,, z,] are homogeneous coordinates on P2, Let X = P2 x P2
Let T = C* X C* act on X by sending

(11, 15, X1, X5) = (1, - x5, 8, - x3),

where (¢),1,) € C* X C*, (x,x,)€ X, and ¢, x; for i = 1,2 is given by (*)
above.
It is easy to check that the above action has nine fixed points

(a, 4) (a, B) (a,C)
(b, 4) (b, B) (6,C)
(c, 4) (¢, B) (c,C)

where

a=[1,0,01=4, b=1[0,1,01=B, ¢=[0,0,1] = C.
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The nine fixed points above are the vertices of C(X). There are nine 2-cells:

@ O) (c, O)
1
, A ,
@ C) oM @Dy 6o 6o
2
@ B) (c B) s | s
3
@A) @ A) @A) b4 @ 4)
@0 0 0
6 7
(a, B) (¢, B)
8 9

@4) @ A4) (cA)

In the above picture the three vertices are on a common line precisely if they satisfy
the relation lin of (2.8). Also the edges of the above cells correspond to the edges of
(2.8). By the Main Theorem there are four Zariski open T-invariant sets U C X with
a compact geometric quotient under 7. To give such a U it suffices to give the cells
on which the associated moment measure is 1. The four sets of such 2-cells are

all the cells containing cell 6, i.e. {1,2,4,6},

all the cells containing cell 7, i.e. {1,2,5,7},
all the cells containing cell 8, i.e. {1,3,4,8},

all the cells containing cell 9, i.e. {1,3,5,9}.

In the above example the image of any moment map is a rectangle with the nine
vertices arranged as in the bottom cell of the above picture.

Though the U’s with compact quotient in the above product example can be
computed by the results of [2], the flavour of the above argument is typical for
applications of the results of this paper.

(3.8) There is one large class of examples worth mentioning. Let 7 = C*? act on
X. Let /: X —» x4(T) be a moment map. Let x € x4(T) be any point not in the
image of any orbit of dimension lower than 2. Let U be the set of all points y in X
such that
(**) dim7y =2 and x€/(T:y).

Then U has a compact geometric quotient; the 2-cells where the moment measure
corresponding to U is equal to 1 are precisely the 2-cells corresponding to the orbits
in (* *) above.
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This class of examples works for C** if we replace the 2’s above by k. We can
show that they do not give all examples, even for products of Grassmannians.
Though the exact role of these examples is not completely worked out yet, all
indications are that for projective varieties they correspond to the examples that
Mumford’s theory gives. This is currently being actively researched.
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